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In this paper we analyze the black oil model often exploited for petroleum reservoir simulation. This model is a simplified compositional model for describing multiphase flow with mass interchange between phases in a porous medium. It consists of three phases (gas, oil, and water), can predict compressibility and mass transfer effects, and can be used to model a low-volatility oil system, consisting mainly of methane and heavy components, using data from a conventional differential vaporization test on reservoir oil samples (see, e.g., [7, 39] ).
We first derive various formulations of the governing equations that describe the black oil model in porous media. A phase formulation, which involves a phase pressure, a total velocity (respectively, a total flux), and two saturations, can be easily imposed, and strong regularity on the solution was assumed. Sharp error estimates in various norms are obtained here for the degenerate case.
The rest of the paper is organized as follows. In section 2, we derive the formulations of the governing equations that describe the black oil model. Then, in section 3 we develop the finite element approximate procedures in the uniformly positive case; both semidiscrete and fully discrete versions are considered. Finally, in section 4 the degenerate case is described.
We end this section with three remarks. First, the derivation and analysis of the various formulations of the black oil model in this paper provide a mathematical background for the numerical solution of fluid flows exploiting this model in porous media. Second, the error analysis shows that optimal estimates can be obtained for the finite element procedure proposed here for this model in the case where the capillary diffusion coefficients are uniformly positive and the solutions are sufficiently smooth. However, in real applications, these coefficients can be zero and the solutions typically lack in regularity. Hence, these error estimates become useless in the realistic case since the constants appearing in them depend on the coefficients and solution regularity. It is for this reason that a technique is developed here, which respects the degeneracy and minimal regularity. Also, it leads to error estimates useful in practical computations. Third, it would be interesting to compare all the formulations developed from the computational point of view. This would involve tremendous work and will be a future investigation.
2.
Formulations. In this section we formulate the black oil model in such a way that main physical properties inherent in the governing equations and constraints are preserved, the nonlinearity and coupling among the equations are weakened, and efficient numerical methods for the solution of the resulting system can be devised. In this model it is assumed that no mass transfer occurs between the water phase and the other two phases (gas and oil). In the hydrocarbon (gas-oil) system, only two components are considered. The "oil" component (also called stock-tank oil) is the residual liquid at atmospheric pressure left after a differential vaporization, while the "gas" component is the remaining fluid in a porous medium Q C Rd, d = 2 or 3.
Let 0 and k denote the porosity and absolute permeability of the porous system, s, , pLa, Pl, pcu, a, ba, kra, and q, the a-phase saturation, viscosity, density, pressure, volumetric velocity, formation factor, relative permeability, and external source term, respectively, a = g, o, w, rso the gas solubility, g the gravitational, downward-pointing, constant vector, and J = (0, T] (T > 0) the time interval of interest. Set QT = Q x J. Then the black oil model is described by (see, e.g., [ Here we just make a few remarks from the above derivations and observations made in [20] .
The global formulation is far more efficient than the phase and pseudoglobal formulations from the computational point of view and also more suitable for mathematical analysis since the coupling between the pressure and saturation equations is much less. The weakness of the global formulation is the need of the satisfaction of the total differential condition (2.17) by the three-phase relative permeability and capillary pressure curves. In general, the phase (or the weighted fluid) formulation can be applied. However, if the fractional flow functions of the water and gas phases are close to their respective mean values as defined in (2.27), the pseudoglobal formulation is more useful. In the (unphysical) case where the capillary pressures Pcgo and Pcwo are zero, all the formulations are the same. Finally, we remark, as mentioned in the introduction, that the global formulation with the total flux for the black oil model has been considered in [13] , and other formulations derived in this paper seem new for this model.
3. Finite elements in the positive case. In this and the next sections we develop finite element approximate procedures for numerically solving the partial differential equations developed in the previous section. As an example, we consider the global formulation with the total velocity, which is representative in that it involves the global concept so that the same analysis can be easily done for the global formulation with the total flux, and it contains the quadratic terms in velocity so that a similar analysis can be extended to other formulations. In this section we consider the case where capillary diffusion coefficients are assumed to be uniformly positive, and we indicate how to obtain error estimates from those in [ The unknowns are so, sw, p, and u. The analysis for the nondegenerate case in this section is given under a number of assumptions. First, the solution is assumed smooth; i.e., the external source terms are smoothly distributed, the coefficients are smooth, the boundary and initial data satisfy the compatibility condition, and the domain has at least the regularity required for a standard elliptic problem to have H2(Q)-regularity and more if error estimates of an order bigger than one are required. Second, the coefficients a(so, sw) = kX, q, and c(so, sw,p) are assumed to be bounded positively below: O < a, < a(So, Sw) < a* < oo, 
F1 (P, S). dt
Also, using the discrete counterpart of (3.13) and the same argument, it follows from (3.11) that In practical computations, we can use an equivalent form of (4.14). Take the difference of the equations at time levels n and n -1 and divide by Atn to see that This theorem can be proven analogously. We remark that (4.3) means that the diffusion coefficient in (4.1a) can be zero, while (4.24) says that the coefficient in the time differentiation term can be zero.
